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Exam Advanced Mechanics,
Wednesday, January 25 2017 from 18:30 — 22:00 in the Aletta
Jacobshal 01

Olaf Scholten, KVI-CART

5 problems (total of 49 points).
The solution of every problem on a separate piece of paper with name and student number.
Some useful formulas are listed at the end.

Problem 1 (14 pnts in total)
Answer: Example 6.3, add fig 6-6

Consider a soap film suspended by two rings of different ()

radii ; and ro with their centers on the y-axis, one at
y; and the other at y,. The surface of the rings are dA Pus= st iy
parallel to the x — z-plane. The soap-film is supposed (o)

to be massless.

a. The soap-film is at rest. Present the physics arguments for the condition that should
be imposed on the area.
Answer: minimal energy that is due to surface tension thus minimal area

b. Express the surface area of the soap-film in terms of an integral over x and determine
fly,y';s2).

Answer: A =27 [;12 yv/ 1+ y?dx

c. Express the condition of minimal surface area in terms of an Euler equation for y(z)
and show that x = a cosh (yT_b) is a solution.

d. Express the surface area of the soap-film in terms of an integral over y and determine

fl@, 2’ y). y
Answer: A = 2r [7;/12 yV' 1+ z2dy

e. Express the condition of minimal surface area in terms of an Euler equation for z(y)
and show that x = a cosh (974)) is a solution.

f. Give the equations from which the constants a and b can be determined. DO NOT try
to solve these equations!
Answer: y; = Y (1) and yo = Y (x2)

Problem 2 (13 pnts in total)
Answer: problem 7.17 or exam of Febr12, Augl0, WO08; Skip 3a
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A mass M; can move without friction on the ver-

tical x-axis (positive = down). This mass is connected ﬁ
with a (massless) spring (spring constant k& and unex- &
tended length ly) to a mass M, that can move along §V
the horizontal y-axis without friction. The whole sys- &
tem rotates with a constant angular velocity w around Ml-§§/
the z-axis. A

a. Determine the kinetic energy and the potential energy for the system. Express the
Lagrangian of the system using x and y as generalized coordinates.
Answer: L = M (2% + 2gx) + 1 Mo (9* + w?y?) — k(2?2 +y? — lp)?

b. What are the constant(s) of motion?
Answer: total energy F

c. Give the expression for the conjugated momenta, p, and p,, and the Hamiltonian.
Answer: p, = Mx, p, = My, H = 3p2/My — Mgz + §p; /My — Mow?y* /2 +

sk(Va? +y? —1o)?
d. Show that the equations of motion can be written as

Myi — Myg+k(d—Ip)z/d =0 ; Myij— Myw?y + k(d —lo)y/d =0

where d = /22 + 2.

e. Determine the two (sometimes unstable) equilibrium solutions.
Answer: d = /2?2 + 42, then —Mig+ k(d —lo)z/d =0, &
—Moyw? + k(d — ly)y/d = 0 giving
y =0 with d = = and Myg = k(z — ly) with Myg/k+ 1y = x
and Mow?d = k(d — ly), (Mow? — k)d = —kl

f. Consider small oscillations around yy = 0 keeping x fixed at the stationary value. For
what values of w is yy = 0 a stable solution?
Answer: first order in y near y = 0 gives Myij — Mow?y + k(z —ly)y/x = 0 substituting
zo: Mow? = —Mow? + kM, g/(k(Myg/k + o)) should be positive

Problem 3 (7 pnts in total)
Answer: Example 11.10; Dumbbell

Consider a dumbbell with two equal masses m on a massless bar of length 0. The
dumbbell is rotating with an angular frequency wy around an axis going through the center
of mass and is at an angle o with the massless bar. Assume the bar to be extremely thin
and the masses point-like.

a. Make a drawing of the geometry.

b. Calculate the inertial tensor in the body-fixed frame.
Answer: [} = I, = 2mb*/4 = mb*/2, I3 = 0
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c. Calculate L in the body-fixed frame.
Answer: & = (0, wp sin «, wy cos ), L = (0, Iawp sin av, I3wy cos a = 0)

d. Calculate the torque N that should be applied to the dumbbell to sustain the motion.
Answer: N = 16+ & x L = (Lw2sinacosa, 0,0)

Problem 4 (5 pnts in total)

a. Evaluate 0,z, + 0,x,,.
Answer: = g, + g = 29,

b. Evaluate 0,z, — 0,7,.
Answer: = g,, — g =0

2
c. Evaluate 0, (2° x,).
Answer: = x,0,(2%) + 2%, = 22,2, + T2g,

Problem 5 new (10 pnts in total)
A particle of mass m and charge e moves in a constant magnetic field whose vector
potential is given by A° = 0 and A = %(B x Z) where B is directed along the z—axis.

a. Calculate the components of F* = gtAY — 9 AH.
Answer: A = (0,—B, B,0)/2 and thus F''?> = B, others=zero

b. The equation of motion of the particle for this problem is given by %ﬁ = U X B with
p = ymv. Show that the energy of the particle ¢ = \/m?2c? + p?c? remains constant
during the motion.

Answer: de*/dt = 2p,p. + p,p, = 0

c. At t = 0 the particle is at the origin, with velocity v = v1Z + v22. Solve the equation
of motion of the particle.

Answer: Define Q = eB/(mcy) gives 0, = Qu,, 0, = —Qu,, v, = 0, since v is time
independent because the energy is conserved. Thus v, = v; cos 2t to obey boundary
condition at t=0 and also v, = —v; sin Qt with v, = vy
P0551b1y useful formulas:
Fp = Fmert IM@ X T — m X g — M@ X (wxrB) ,and U = U + W X I
The response of a damped oscillator & + 251‘ + w?x = F(t)/m to a delta force at t = 0 is

—e ~“Ptsinwyt for t > 0, where w; = /w2 — 32.
The "alternative’ form of the Euler equatlon for f(y,y';z) is

of d OFf
a—x‘%(f‘ ay)

sin(a —p) = sinacosﬁ — cosasinﬁ; cos(aw — ) = sin asin 8 4 cos a cos 3
ax(be) (a- E)b—(a b)

B=VxA E=-V¢-—

Integrals

For ¢ > 0 we have:

1 cxr—1 c2x? — 2cx + 2
e“dr = —e“ ; re“dr = e“v 22edr = e”
c c? c?




